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Abstract—This paper introduces a new power flow tracing and 
subsequently loss allocation method based on loop analysis.  The 
knowledge of the loop paths aids in the visualisation of presumed 
transfer of power throughout the transmission network.  A 
formalised process of loop identification, based on graph theory, is 
introduced to ensure that each loop contains at least one active 
source.  This way, the system losses can be readily and justifiably 
allocated to the active sources in the network without involving any 
approximations.  The proposed method is applied to both a small 
test system and the IEEE 14-bus test system, demonstrating the 
features and limitations of the proposed methodology. 
 
Index Terms—loop method, transmission flow distribution, 
power flow tracing, loss allocation, counter flow. 
I.  INTRODUCTION 
HE introduction of deregulation in the electricity market 
has changed many aspects of the industry, including the 
pricing of electricity.  Previously, the cost of transmission 
losses was distributed uniformly among consumers.  
Electricity prices incorporated a factor to account for the 2% 
to 5% of generated power lost in transmission.  In a 
deregulated market, however, participants require a fair and 
equitable pricing structure that reflects their share of power 
generated/consumed in the network.  Furthermore, the adopted 
loss allocation method has to be compatible with the network 
structure chosen.  These structures may be based on the pool 
concept, bilateral contracts, or a mixture of both called the 
hybrid model.  These changes have resulted in a radical shift 
in the way losses are distributed among market participants. 
To date, while many different loss allocation schemes have 
been proposed, no one method has gained universal 
acceptance.  Current loss allocation methods include: pro rata; 
proportional sharing; incremental; circuit theory; and loss 
formula approaches.  The complexity of economically tracing 
and distributing power flows, and subsequently losses, while 
conforming to electrical laws has complicated the loss 
allocation process.  Consequently, many of the methods either 
rely on arbitrary assumptions or produce allocations that are 
not comparable to the physical network behaviour.   
For example, the pro rata method is based on an arbitrary 
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division of losses between active generation and load.  It is 
used in England, Spain and Brazil [1].  This method does not 
take account of the geographic distribution of the network. 
To overcome pro rata’s limitation, topological flow tracing 
methodologies based on the proportional sharing principle 
have been introduced [2, 3].  This method assumes that power 
at nodal inflows is shared proportionally between nodal 
outflows.  This method has the advantage of being slack bus 
independent.  Nevertheless, the basis of proportional 
distribution of power is yet to be verified and the associated 
losses can only be allocated to either generators or loads. 
In contrast, the incremental method is a more accepted loss 
allocation method.  Incremental loss methods assign losses in 
relation to a slight change in bus injections.  It is used in both 
the Eastern part of Australia [4] and New Zealand [5].  The 
basic approach has been refined to handle the presence of 
negative loss allocations, over estimation of losses [6, 7], and 
slack bus dependency [7, 8].  Critically, many of these 
refinements have only been possible from the introduction of 
further arbitrary assumptions.  
This has prompted development of other flow tracing and/or 
loss allocation methods include circuit theory and loss formula.  
In [9, 10] flow distribution is determined from the bus 
impedance matrix.  Analysis of the method proposed in [10] has 
shown that the better results are attained for lines that carries the 
majority of power flows in the network [11].  The method 
proposed in [12], which expresses loss as a quadratic function, 
can result in negative allocations.  This phenomenon will be 
discussed in later part of this paper.  This highlights that there 
are limitations to all current approaches to loss allocation. 
The objective of this paper is to introduce a new power 
flow tracing and loss allocation method that is both electrically 
valid and readily justified to market participants.  Stepping 
away from the commonly used nodal frame of reference, the 
proposed method analyses the network through the loop frame 
of reference.  Power flows within the network are now 
expressed as the sum of power flows around loops that link 
loads to active sources.  In effect, the power requirements of a 
load can be traced back to the active sources using these 
assumed loops.  This makes it easier to visualise the flow of 
power within the network and also losses can be readily 
allocated to active sources.  Ultimately, the knowledge may 
provide buyers and sellers with the information to incorporate 
the level of losses into their contract negotiations. 
The remainder of this paper is organized as follows.  
Section II introduces the fundamental concepts of the loop 
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frame of reference, including background information and its 
numerical formulation.  This is done by examining a small test 
system.  Section III presents a more realistic application of the 
proposed approach on the IEEE 14-bus test system.  This will 
ensure that the features and limitations of employing the loop 
method for power flow tracing are highlighted. 
II.  FLOW TRACING USING LOOP CONCEPTS 
The electric system, from a power flow analysis point of 
view, can be analysed either through the nodal (bus) or loop 
frame of reference [13].  In the nodal reference frame, the 
network is modelled by voltages at and current injections into 
each node within the network.  In contrast, the loop reference 
frame is modelled by the voltages and currents around each 
loop formed within the network and network behaviour is 
characterized by the flows within each assigned loop.  In 
either case, formation of network equations is dependent on 
the frame of reference adopted. 
Use of the nodal reference frame is widely accepted.  
Despite this, the nodal frame of reference can only provide 
information for a point (node) within the network.  It is not 
able to provide any indication about the distribution of power 
flow contributed by different sources through the network.   
This paper explores the possibility of tracing power flow 
using the loop frame of reference.  The loop-based 
representation of network behaviour provides a more logical 
illustration when trying to trace power flows within a network.  
All power flows within the network are represented as power 
transfers within a series of often interconnected or coincident 
loops.  The flows within each loop are dependent on the 
configuration of the network and the system operating point.  
 
Fig. 1.  Four bus example 
These fundamental concepts are illustrated using an 
example of the modified four bus network from [14], as shown 
in Fig. 1.  Network configuration - formed by the two 
generators, two loads and five transmission lines - is translated 
into a directed graph, as shown in Fig. 2.  Based on the loop 
concept terminologies, buses are referred to as nodes, n, and 
transmission lines as elements, e.  This notation will be used 
throughout the paper for consistency.  Importantly, the 
reference node, labelled “Ref”, has been included explicitly in 
the directed graph shown in Fig. 2.  This allows loops to 
originate and end at the system neutral.   
The four bus network translates to a graph with nine 
elements.  In Fig. 2, elements 1 to 5 represent transmission 
lines within the four bus network.  Elements 6 to 9 represent 
the generators and loads that connect each node to the 
reference node.  The orientation of each element reflects the 
direction of real power flow in the load flow solution.   
 
Fig. 2.  Four bus example directed graph 
The elements of the graph can be subdivided into two 
groups: branches, b; and links, l. Together the branches 
constitute a “tree”.  In contrast, the links connect branches in a 
“tree”, creating loops.  Thus, the number of loops equals the 
number of links, with the direction of each loop matching the 
assumed orientation of the link.  The four bus network of  
Fig. 1 can then be represented by a graph with the properties: 
• Elements = e = 9 
• Nodes = n = 5 
• Branches = b =  n – 1 = 4 
• Loops = Links = l = e – b = 5 
A critical part of the use of the loop-based system is the 
selection of which elements will make up the tree and what will 
be the consequent loops.  Importantly, for any network there are 
numerous, equally valid, loop assignments.  For the four bus 
example, the Matrix Tree Theorem, which is explained in 
Appendix A [15], indicates that there are 75 distinct ways of 
allocating loops in the network.  As network size increases, the 
number of valid loop assignments will grow exponentially. 
The presence of multiple valid loop assignments is a 
significant limitation to the application of the loop-based 
representation for loss allocation.  Each loop assignment is 
potentially a valid loss allocation.  To address this point, two 
constraints more commonly applied to graph theory are added 
to the loop assignment process.  
The first step is to ensure that all loops contain at least one 
active source.  This significantly reduces the number of 
feasible loop combinations.  To apply this constraint one 
forms a “rooted tree” [16] containing the reference node and all 
active elements connected to the reference node [17].  An 
example of the structure formed is shown in Fig. 3(a) or Fig. 
4(a).  The remainder of the required spanning tree, which 
defines the required loop assignment, is formed by adding 
branches to the tree using a “Building-up Method”, as 
described in [16]. 
Application of this first constraint also makes it easier to 
visualise the contribution of individual generators to loads.  
By ensuring that all loops contain an active source, the 
demands of all loads can be traced back to the generators 
based on the allocated loop paths.  This makes it possible to 
distribute transmission losses to the generators directly 
without need for averaging or approximation, ensuring that 
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losses can be distributed justifiably among the active elements.   
The second step in the loop assignment is the application of 
either a “breath first search” (BFS) or “depth first search” 
(DFS) strategy to identify the remaining elements required to 
complete a spanning tree for the network [17].  The next 
subsections describe these two different search strategies, as 
applied to the four-bus example. 
A.  Breadth First Search Spanning Tree 
 
Fig. 3. Spanning trees (a) Rooted tree (b) BFS – 1 (c) BFS – 2  
From the rooted tree in Fig. 3(a), a node is selected and 
elements that are directly connected to the node are added to 
the tree, avoiding any cycles.  An example is shown in  
Fig. 3(b).  Node, G1 is selected and the only other node that is 
directly linked to it is node, L3.  This process is repeated at all 
nodes that are on the same level, before penetrating deeper 
into a tree for all remaining nodes.  The final tree for the four-
bus network, constructed based on BFS, is shown in Fig. 3(c).  
B.  Depth First Search Spanning Tree 
 
Fig. 4. Spanning trees (a) Rooted tree (b) DFS – 1 (c) DFS – 2 
This process searches as deeply as possible into a tree 
before fanning out to other to other nodes.  Starting from the 
rooted tree as per Fig. 4(a), the section of the tree attached to 
each active source node is explored in turn.  All nodes, which 
are linked back to the original node through attached elements, 
are added to the tree.  For the four bus example, the first node 
which is ‘searched’ in depth is G1.  Fig. 4(b) shows the first 
branch added to original tree.  Fig. 4(c) shows the final tree 
extending as deeply as possible into the network.   
Although the two different loop assignment strategies 
provide equally valid solutions, the DFS strategy gives more 
control over the selection of nodes that are to be added to the 
spanning tree.  In effect, this will ensure that a more realistic 
tree is chosen as generators can be ‘allocated’ loads that match 
their capacity.  Application of this approach to the IEEE 14-bus 
test system will provide a better illustration of this concept.   
Identification of a spanning does not complete the loop 
assignment process.  Elements in the graph of the network not 
in the spanning tree are the links that close each loop in the 
network.  Adding the links sequentially assigns the loops in the 
system.  Table I outlines the loop assignments obtained for the 
four-bus network using the different search strategies.   
 
TABLE I  
FOUR BUS LOOP PATHS 
 
Loop Paths 
Lo
op
s 
BFS Paths – Fig. 3(c) DFS Paths – Fig. 4(c) 
A Ref → G1 → L3 → Ref Ref → G1 → L3 → Ref 
B Ref → G1 → G2 → Ref Ref → G1 → G2 → Ref 
C Ref → G2 → L4 → Ref Ref → G1 → L3 → L4 → Ref 
D Ref → G2 → L3 → G1 → Ref Ref → G2 → L3 → G1 → Ref 
E Ref →G1→L3→L4→G2→Ref Ref→G2→L4→L3→G1→Ref 
 
These loops represent the paths of assumed transfer of 
power between generators and all loads in the four bus 
network.  Knowledge of the source and sink elements in each 
loop make it possible to trace the power requirements of each 
loads back to the generators. This will make it possible to 
allocate system losses to the generators.   
C.  Numerical Formulation of Loop Based Representation 
The following section will outline the manner in which the 
proposed method can take a solved load flow and distribute 
losses among the active components.  For a network with n 
nodes, e elements and l loops, a loop connection matrix, C, is 
first formed after loops are assigned.  The loop connection 
matrix describes the structure of each loop.  It is used to 
calculate the loop impedance matrix, Zloop, as shown in (1).  
Zloop = Ct [z] C   (1) 
In expanded form this is: 
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[z] is the self-impedance matrix, which details the self-
impedance of each transmission line and active element.  It 
also contains a series of equivalent impedances representing 
load behaviour at the system operating point.  The equivalent 
shunt impedance of each load is given by (2).         
Zd = |Vd|2 / (Pd – jQd)  (2) 
where Pd and Qd are the real and reactive power demands of 
the load at bus d obtained from load flow. 
The loop impedance matrix is necessary for calculating the 
currents flowing in each loop, Iloop.  This parameter can be 
determined from (3), where Eloop is the total voltage driving 
current around each loop.   
Eloop = Zloop Iloop   (3) 
The currents flowing in each loop can be used to determine 
the power transfer within the loop.  The real power flow 
around a loop can be determined by (4a) and (4b).  Consider a 
loop containing a generator at bus x and a load at bus y.  Vx 
and Vy are the voltages at the terminals of the generator and 
load as determined from the load flow solution.  Iloop,xy is the 
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loop current flowing from bus x to bus y.  Consequently 
Equation (4a) represents the real power loop flow flowing 
from the generator to the load, while (4b) represents real 
power flow delivered to the load at the end of the loop. 
Ploop,xy = ℜ(Vx Iloop,xy*)  (4a) 
Ploop,yx = ℜ(Vy Iloop,xy*)   (4b) 
These equations are very important.  For loops containing 
active elements they indicate an assumed transfer of power 
from a generator to a load in the presence of all other power 
flows in the system.  This implies that, even though it may not 
be possible to totally separate the influence of a specific power 
transfer from the behaviour of the whole system, its effect can 
be visualised with the loop representation. 
Information available from flow tracing can be used to 
distribute losses among allocated loops.  Calculation of each 
loop loss is based on the difference of real power flow at the 
originating bus, x, and ending bus, y, as indicated in (5). 
Ploop loss,xy = Ploop,xy – Ploop,yx  (5) 
It is then possible to allocate the losses involved in this 
presumed transfer to the relevant generator.  This is the main 
benefit of the proposed flow tracing approach. 
The loss calculation, as indicated in (5), may result in a 
negative value.  A negative real power loss indicates that the 
power transfer within the selected loop opposes a natural or 
dominant flow of real power, which has been set-up by the 
network voltage profile.  In effect, the power transfer within 
the loop represents a “counter flow” which opposes the 
dominant flow in a network.  In fact, the term “counter flow” 
has no relevance without the presence of the dominant flows 
[12].  The phenomenon, which is also highlighted in [6, 7, 12], 
reduces the overall loss in the system.  The authors believe the 
loop based representation can make it easier to identify 
transactions which lead to this somewhat confusing behaviour.   
III.  NUMERICAL APPLICATION AND DISCUSSIONS 
A.  System Description 
The method presented is tested on the IEEE 14-bus test 
system [18], a test system commonly used in other loss 
allocations studies.  A graph representing the IEEE 14-bus test 
system will contain 15 nodes (including the reference node) and 
48 elements.  The 48 elements consist of 20 transmission lines 
and transformers, two generators, 14 loads and synchronous 
condensers and 12 shunt elements representing line capacitance 
and off-nominal transformers.  Each bus is denoted by a node in 
the graph labelled by its respective bus number, where nodes 1 
and 2 are the generator buses G1 and G2. 
B.  Loop Identification 
Both loop assignment strategies, BFS and DFS, were 
carried out to identify the loops in the system.  The different 
spanning trees identified are shown in Fig. 5.  In the process of 
loops identification, one of the objectives is to avoid passive 
loops so that losses can be allocated to active sources.  This 
can be achieved through transforming several adjacent 
nodes/buses from delta to wye formation.  This process 
reduces the number of loops in the network but leads to the 
creation of intermediate nodes, such as nodes 16 and 17.   
 
Fig. 5.  Spanning trees for the IEEE 14-bus test system (a) BFS (b) DFS 
The spanning tree structures shown in Fig. 5 represent a 
matching or tracing of load demands back to the generators.  It 
is apparent from Fig. 5 that the BFS distributes the loads evenly 
between the generators.  In contrast, the DFS distributes the 
majority of the loads to G1 before distributing some load to G2.  
The latter method is perhaps more realistic as most of the 
generation in the system is provided by G1, whereas the BFS 
over-allocates load demands to the smaller generator, G2.   
C.  Loss Allocation 
The different tree configurations will result in different loss 
allocation patterns.  Table II shows the comparative power 
flows and associated losses in the loops assigned using either a 
BFS or DFS strategy.  In both cases the results show that the 
system losses can be formulated in terms of loop power flows, 
and the losses are consistent with those obtained from the 
conventional load flow solution.   
Of greater importance is how the loop losses can be 
distributed to market participants.   The significance of the 
losses in each loop depends on the path of the loop.  The 
majority of loops originate at the terminals of generators and 
involve the delivery of power to shunt connected elements, 
such as load equivalent impedances, line capacitance and the 
elements representing off-nominal transformers.  Some loops 
involve the transfer of power between two generators.  Finally, 
some loops may contain only passive elements.  In such loops, 
the absence of an active source driving power around the loop 
means that the cumulative losses in this loop are zero.  Thus, 
their presence has no influence on the loss allocation problem. 
Instead, the problem of loss allocation is confined to the 
distribution of losses incurred in loops containing at least one 
active source to the loads and generators in a fair and 
justifiable manner.  A possible approach would be to assign 
the losses incurred in delivering power to a load around a 
single load to the relevant load.  In the 14-bus example, 
however, in many cases it was found that these loop losses had 
a negative value due to the overall network voltage profile.  
These negative losses, although mathematically valid, do not 
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simplify the loss allocation process.  This suggests that the 
assignment of losses to loads is not entirely satisfactory.   
An alternative approach involves the distribution of loop 
losses to the different generators driving power flow around the 
loops.  As the generators are responsible for producing the loop 
currents, they can also be considered responsible for the losses. 
This approach leads to a more justifiable allocation of 
system losses.  For example, when loops were allocated using 
the BFS approach, generator 1 can be considered responsible 
for driving power flows around loops 1, 2, 6 – 10, 16 – 20, 30 
and 31 and so may be assumed to be responsible for losses in 
these loops totalling 6.65 MW or 51% of total network losses.  
Using the same loop allocation, generator 2 is responsible for 
power flow around the remaining loops 3 – 5, 11 – 15, and 21 
– 29 and consequently their losses of 6.28 MW or 49% of total 
system losses.  Using the loops allocated with the DFS 
methods, generator 1 is deemed responsible for driving power 
in loops 1, 2, 9 – 12, and 15 – 33 and is thus assigned their 
total losses of 13.75 MW or 106% of total system losses.  
Finally, using this second loop allocation generator 2 is 
responsible for power flows in loops 3 – 7 only and should be 
assigned their total losses of  -0.8 MW or –6% of total losses. 
The next question then is which of these distributions is 
“fairer”?  Generator 1 is producing 85% of the total generating 
capacity in the network, while generator 2 is producing the 
remaining 15%.  It would seem reasonable then to assign it the 
majority of losses.   
The loss distribution produced using the BFS approach 
appears to contradict this, distributing losses almost equally 
between the generators.  This is due to the wide spanning tree 
identified, which presumes that both generators supply a 
similar amount of load.  Unfortunately, such a presumed 
supply pattern can lead to generators being assumed to meet 
load demands greater than their physical capacity.  
Recognizing that some loops, such as loop 2, involve the 
transfer of power from one generator to another, further 
redistribution will provide some justification for these 
conditions.  Chai [19] describes a method for allocating losses 
in such circumstances.  The final loss allocation, however, 
then must contain some averaging or approximation, 
suggesting that the BFS represents no real improvement on 
other averaging approaches such as proportional sharing. 
More satisfactory results are obtained when using the loops 
allocated using the DFS approach.  In that case generator 1 is 
considered to be responsible for losses exceeding the total 
losses in the system.  The action of generator 2 is to create 
system conditions that are more favourable so can be deemed 
to reduce losses in the network.  This more sensible loss 
allocation is primarily a result of the greater control over loop 
paths that is provided by the DFS tree identification strategy.  
By producing a deep rather than wide tree it is much easier to 
ensure that a generator’s capacity is more appropriately 
matched to load demands.  This will ensure that the resulting 
loss allocation is readily more justified. 
The loss distribution based on the two different spanning tree 
strategies differs by quite a lot.  While the allocation produced 
using the DFS may seem more reasonable, it is still difficult to 
define which allocation is “better”.  In reality, both represent an 
electrically correct method of representing network power flows 
as power transfers from active sources such as generators to 
sinks such as loads.  The BFS and DFS loop allocation 
strategies, although reducing the number of viable allocations 
still do not result in a single correct allocation. 
TABLE II 
IEEE 14-BUS POWER FLOW AND LOSS RESULTS 
 
BFS DFS 
Loop 
Generated 
power  
(MVA) 
Real  
power loss 
(MW) 
Generated 
 power  
(MVA) 
Real 
power 
loss 
(MW) 
1 -5.73i 0 -5.73i 0 
2 156.81 - 17.42i 4.29 156.81 - 17.42i 4.29 
3 -9.02i 0 -9.02i 0 
4 21.7 + 12.70i 0 21.7 + 12.7i 0 
5 -41.50 - 7.17i -0.13 72.89 + 6.96i -0.16 
6 0.69 - 4.47i 0.69 55.95 + 0.82i -0.51 
7 7.52 + 2.84i -0.05 -41.49 - 7.17 -0.13 
8 65.44 - 4.44i 1.55 - 0 
9 2.96 - 11.70i 2.97 0.69 - 4.47i 0.69 
10 8.92 + 9.91i -2.27 7.55 + 2.841 -0.05 
11 3.24 - 23.95i 3.25 2.96 - 11.7i 2.97 
12 93.78 + 32.47i -0.26 8.92 + 9.91i -2.27 
13 0.40 - 2.96i 0.40 - 0 
14 49.08 + 0.55i 1.38 - 0 
15 0.23 + 2.48i 0.23 2.93 + 2.64 -0.57 
16 3.26 + 2.50i -0.14 7.24 + 8.00i -1.76 
17 2.93 + 2.64i -0.56 24.3 + 23.69i -5.17 
18 5.49 + 3.14i -0.63 5.46 - 20.53i 5.48 
19 5.02 + 3.14i 0.018 49.54 + 4.87i 1.85 
20 11.62 + 9.20i -1.93 0.45 - 2.48i 0.45 
21 25.89 + 21.19i -3.58 5.38 - 23.92i 5.40 
22 3.61 - 20.64i 3.62 91.91 + 41.07i -2.13 
23 2.42 - 16.48i 2.43 0.66 - 2.95i 0.67 
24 7.79 + 7.24i -1.20 3.89 - 16.44i 3.90 
25 13.76 + 7.81i -1.11 13.22 + 9.10i -1.66 
26 -1.08 + 11.64i -1.09 11.62 + 9.20i -1.87 
27 1.73 - 11.80i 1.74 0.06 + 3.14i -0.60 
28 -0.58 + 6.28i -0.59 -2.12 + 11.67i -2.13 
29 1.09 - 6.24i 1.10 2.79 – 11.76i 2.80 
30 -5.10 + 33.16i -5.12 -1.14 + 6.30i -1.15 
31 8.04 - 31.78i 8.05 1.65 - 6.21i 1.66 
32   -5.10 + 33.16i -5.12 
33   8.04 - 31.78i 8.05 
Total  13.07  12.94 
 
The approach presented in this paper, however, could lead to 
a technical evaluation of the appropriateness of financial 
contracts that may be used in electricity markets.  In some 
markets such as Norway, it is possible for a load to purchase 
power solely from a single generator through bilateral contract 
agreement [20].  The loop-based representations provide a 
method of both representing technically a contract for a load to 
be supplied from a single generator and also evaluate the 
appropriateness of the contract in terms of the size of the 
resultant loop losses.  In addition, the loop-based representation 
can illustrate the behaviour of the remainder of the network that 
will allow the presumed financial contract to be fulfilled 
technically.  Again, this may be a way of evaluating the 
appropriateness of different financial instruments, although 
much further work is still required in this area. 
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IV.  CONCLUSION 
In this paper, a different power flow tracing was proposed.  
The method revolves around the loop frame of reference, 
where presumed paths for power transfer in form of loops are 
allocated whilst adhering to electrical laws.  Application of the 
technique on the four bus and IEEE 14-bus test systems has 
shown the potential of the method for tracing power flows and 
distribute losses throughout the system, while conforming to 
the load flow solution.  Using the proposed method, it is easier 
to visualize the presumed transfer of power between the 
network elements and also possible to allocate all system 
losses to the active elements without any approximations.  
Finally, the loop-based method is able to clarify the sometimes 
perplexing concept of ‘counter-flows’.   
The main limitation of this approach is the presence of 
multiple, equally valid, loop combinations for any network. 
Graph theory concepts such as “breadth first” and “depth first” 
search strategies were used to limit the number of possible 
loop combinations.  This is in addition to ensuring that all 
loops originate from active sources, which has the added 
benefit of ensuring that losses can be readily and justifiably 
allocated to generators in the system.  Furthermore, the 
flexibility of multiple equally valid loop combinations has opened 
an avenue for technical evaluation of the suitability of financial 
contracts between market participants, in presence of all other 
power flows within the market.   
V.  APPENDIX A 
The Matrix Tree Theorem [15] states that for a loop less 
graph with n number of nodes, the number of loop 
combinations is the absolute value of the determinant of any 
n-1 by n-1 submatrix of the augmented adjacency matrix.  For 
the four bus example, the augmented adjacency matrix is 
given in (A1).  

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The number of loop less graphs is calculated from the 
determinant of 4 by 4 submatrix of Q, as shown in (A2). 
75
4111
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1114
=
−−−
−−−
−−−
−−−
  (A2) 
Thus, the number of distinct loop allocations for the 4 bus 
example with 5 nodes is 75.  
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